The paper aims to provide an adjustment method to reduce coaxiality and initial unbalance for precision rotors assembly, such as aero engine, gas turbine and so on. The propagation process of actual geometry and mass centers is analyzed in the assembly. The coaxiality and initial unbalance are reduced by controlling the assembly angle of each stage rotor. The effectiveness of the proposed assembly method is verified through experiments. Experimental results show that compared with the direct adjustment strategy, the coaxiality and initial unbalance are reduced by 41% and 50% in four rotors assembly, respectively. The proposed method can be used to improve assembly accuracy, especially for multistage rotors precision assembly.
I. INTRODUCTION
In the field of advanced precision rotor manufacturing, such as aero engine, gas turbine and so on, the quality of rotors assembly has a great influence on the rotation characteristics [1] - [3] . The coaxiality and initial unbalance are the crucial parameters to evaluate the assembly quality and directly affect the contact rubbing and vibration characteristics, especially for the engine working in high speed rotation [4] . The geometry and unbalance deviations of each rotor are propagated and amplified during the assembly, which may lead to the coaxiality and initial unbalance exceed the alarm limits [5] - [9] . This paper proposes a multistage rotors assembly method to improve the assembly quality. The geometry and mass centers in the spatial distribution are adjusted by rotating the assembly orientation of each rotor in the case of assembly tilt. The next stage rotor can assembly straight using the proposed method, and the coaxiality and initial unbalance of final assembly are improved to satisfy with the requirements of precision assembly.
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For multistage components assembly, a lot of studies have been done on the tolerance analysis and allocation to control the assembly quality at the components design stage [10] - [12] . The matrix approaches were proposed for the representation of tolerance zones and could represent both the nominal relations of components and variations caused by geometric deviations [11] , [13] , [14] . Lee et al. established the analytical models for part misalignment in the presence of dimensional errors, surface roughness, and surface waviness to improve the assembly precision of butt joints [15] . Zhang et al. developed the geometric form errors model for single parts and the statistic geometric form errors model for a batch of parts to understand the statistic distribution characteristics of geometric form errors [16] . The tolerance analysis and allocation methods were proposed to limit the assembly tolerance of component based on the geometric error model [17] - [19] . Matsuura and Shinozaki established an optimal manufacturing mean design method to minimize the number of surplus components [20] . Zhu et al. introduced the characteristics of the closed loop dimension chain and studied the typical tolerance analysis method of aircraft engines [21] .
Although the components are in high machining accuracy and meet the design requirements, the machining error of each stage component is propagated and amplified in the assembly, and might eventually get the assembly results of the multistage components out of specification limits [22] - [24] . State assembly models have been proposed to control the variation propagation using fixture adjustment [25] - [27] . Besides, the posture adjustment methods were proposed to control the geometric error propagation in mechanical assembly [28] , [29] . Wang et al. proposed three assembly procedures to minimize eccentricity error stageby-stage for the axi-symmetric components in string-build assembly [30] .
The initial unbalance is caused by the mass eccentric deviation propagates and amplifies in multistage rotors assembly. Statistics show that more than 50% of faults in machines and systems can be directly or indirectly attributed to the unbalance of rotor [31] - [33] . The unbalance measurement model and balancing method were established to reduce the unbalance for the rotors [34] - [36] . Sudhakar and Sekhar proposed the method that identifies the fault in a rotor bearing system by minimizing difference between equivalent loads estimated in the system due to the fault and theoretical fault model loads [37] . Deepthikumar et al. established a polynomial curve for eccentricity distribution to identify the distributed unbalance at a speed below the balancing speed [38] . Ambur and Rinderknecht investigated a rotating machine to detect the magnitude and phase of unbalance in a rotor system by the parametric estimation method [39] . Sun et al. proposed the mass eccentric deviation control method based on the geometric stack-build model, which replaces mass center with geometry center [40] - [42] .
The initial unbalance is reduced by adding the correction mass on the balancing plane using above methods after assembly. However, the mass blocks for balancing are limited in a strict requirement for multistage rotors assembly of aero engine. For example, the mass block is required to be less than 1g for the balancing planes in high pressure compressor assembly of turbofan engine. In multistage rotors assembly, the existed methods only focused on the geometric error propagation and did not research the actual mass eccentric deviation propagation process. The initial unbalance of final assembly cannot be adjusted in the assembly based on the actual mass center of each rotor. Besides, the coaxiality of final assembly also needs to be limited in a certain area to satisfy the requirements of precise multistage rotors assembly. Therefore, it is necessary to establish the coaxiality and initial unbalance prediction model based on the spatial error compensation characteristic and the deviations of final assembly are reduced stage-by-stage by controlling the assembly orientation for precise multistage rotors.
An adjustment method is proposed to minimize the coaxiality and initial unbalance in the assembly, which based on the actual geometry and mass centers. The propagation process of geometry eccentricity and mass eccentricity is analyzed based on the coaxiality and initial unbalance models. The assembly strategy is proposed to solve the problem of coaxiality and the unbalance out of specification limits in the assembly. The method is verified with the rotary measurement instrument and balancing machines. The experimental results show that the coaxiality and initial unbalance are reduced significantly and the reasonable assembly orientation is obtained in four rotors assembly.
II. ASSEMBLY MODELS OF COAXIALITY AND INITIAL UNBALANCE
The coaxiality and initial unbalance are caused by the geometry and mass eccentric deviations in the assembly. The coaxiality and initial unbalance of multistage rotors are not only related to the geometry eccentricity and mass eccentricity of each rotor, but also related to the machining error of the connective surface in multistage rotors assembly.
As shown in Fig. 1 , O 1 , O 2 , O 3 , C 1 , C 2 , C 3 are the geometry and mass centers of rotors 1, 2 and 3, respectively. The geometry and mass eccentric deviations are propagated and amplified through the assembly surface and then affect the assembly results. The quality of final assembly is improved by adjusting assembly orientation of each rotor.
A. GEOMETRY ECCENTRICITY AND MASS ECCENTRICITY PROPAGATION MODELS IN THREE ROTORS ASSEMBLY
As shown in Fig. 2 , O is the center of the lower end surface for rotor 1, O i is the geometry center of the connective surface for the ith rotor. C i is the mass center of the ith rotor. T o 0−i and T c 0−i are the cumulative geometry and mass eccentric deviation matrices. The propagation models of geometry eccentricity and mass eccentricity are described herein.
As shown in Fig. 2(a) , the geometry eccentricity [30] of each rotor e 1 , e 2 , e 3 can be given by, respectively (1) , as shown at the bottom of the previous page, where l i is the concentricity of the ith rotor, dx o 0−i , dy o 0−i are the cumulative geometry eccentric deviations of the ith rotor in the X -and Y -directions, respectively. z i is the height of the ith rotor, h i is the perpendicularity of the axial top fitting plane for the ith rotor, r i is the radius of the radial top surface for the ith rotor, θ ri is the rotation angle of ith rotor about the Z -axis, θ li is the angle between the X -axis and the lowest point direction in the ith rotor and θ ei is the eccentric angle of ith rotor.
As shown in Fig. 2(b) , the cumulative mass eccentric deviation matrix T c 0−3 can be given by
The assembly orientation matrix of the ith rotor T r i , the geometry and mass eccentric deviation matrices of the ith rotor T o i and T c i can be given by, respectively
where dR r i is the 3 × 3 rotation matrix of the ith rotor, dR o i and dR c i are the 3 × 3 geometry and mass eccentric deviation matrices of the ith rotor, respectively, dp o i and dp c i are the 3 × 1 positions of the geometry center and mass center for the ith rotor, respectively, θ ti is the tilt angle of the ith rotor, θ xi , θ yi and θ zi are the rotation angles of the mass center for the ith rotor about the X -, Y -, and Z -axes, respectively,
are the geometry and mass centers in the X -, Y -and Z -directions, respectively.
Using Eqs. (3), (4) and (5) in Eq. (2), the cumulative mass eccentric deviation matrix T c 0−3 can be given by (6) , as shown at the bottom of the next page.
The unbalance vector of each rotor u 1 , u 2 , u 3 can be given by, respectively (7) , as shown at the bottom of the next page, where m i is the mass of the ith rotor, dx c 0−i and dy c 0−i are the positions of the mass center for the ith rotor in the X -and Y -directions, respectively.
B. COAXIALITY AND INITIAL UNBALANCE OF N ROTORS ASSEMBLY
The coaxiality of final assembly can be given by (8) , as shown at the bottom of the next page, where θ rk is the rotation angle of the kth rotor about the Z -axis, dx o 0−k , dy o 0−k are the positions of the geometry center for the kth rotor in the X -and Y -directions, respectively.
In n rotors assembly, the cumulative mass eccentric deviations matrix T c 0−k of the kth rotor can be given by (9) , as shown at the bottom of the next page.
Using Eq. (3), (4) and (5) in Eq. (9), T c 0−k can be expressed as Eq. (10), as shown at the bottom of the next page, and the position of cumulative mass eccentric deviation of the kth rotor dp c 0−k can be expressed as Eq. (11), as shown at the bottom of the next page, where dx c 0−k , dy c 0−k and dz c 0−k are the positions of the mass center for the kth rotor in the X -, Y -and Z -directions, respectively.
The unbalance vector u k of the kth rotor can be given by
where m k is the mass of the kth rotor. The unbalance vectors u A and u B of the balancing planes A and B can be given by
where z A and z B are the positions of the balancing planes A and B in the Z -directions, respectively. dz c 0−k is the position of the mass center for the kth rotor.
The initial unbalance of final assembly u can be given by
Where u A and u B are the norms of the amount of unbalance for the balancing planes A and B, respectively, θ rk is the assembly angle about the Z -axis of the kth rotor.
C. ASSEMBLY STRATEGY BASED ON THE CONSTRAINED NONLINEAR PROGRAMMING
Multistage rotors assembly is a typical constrained nonlinear programming problem. The coaxiality and initial unbalance are important parameters to evaluate the assembly quality, and the coaxiality and initial unbalance are limited to less than a fixed value and the rotation angles are limited by the bolt holes for each rotor. For example, the coaxiality and initial unbalance of final assembly should be less than 60 µm and 1500 g·mm, and the minimum adjustment angle is 5 • under the situation of the number of bolt holes is 72. The optimization adjustment strategy aims to obtain the best assembly results, which meet the positions of bolt holes, the coaxiality and the initial unbalance requirements. Therefore, the optimization adjustment strategy chooses coaxiality and initial unbalance of final assembly as the objective function, and chooses bolt holes, coaxiality and initial unbalance limits as the constraints.
The optimization adjustment strategy of coaxiality and initial unbalance for multistage rotors assembly can be given by (15) , as shown at the bottom of the next page, where c nlimit and u nlimit are the limit values of coaxiality and initial unbalance, respectively. t k is the number of the bolt holes for the kth rotor, c max and u max are the maximum values of coaxiality and initial unbalance, respectively. Besides, the paper defines other methods to compare the advancement of the proposed method as follows:
The optimization adjustment strategy of coaxiality for multistage rotors assembly can be given by
The optimization adjustment strategy of initial unbalance for multistage rotors assembly can be given by 
III. SIMULATIONS A. TWO ROTORS ASSEMBLY
In order to analyze the error propagation process in the assembly, using Eqs. (1) and (7) As shown in Figs. 3 and 4 , the minimum values of the concentricity and the amount of unbalance for rotor 2 decrease firstly and then increase as the tilt angle of rotor 1 increases. Firstly, the position deviation of rotor 1 has a great influence on the concentricity and the amount of unbalance. As the tilt angle increases, the minimum values of concentricity and amount of unbalance for rotor 2 decrease, which caused by the spatial error compensation characteristics. Then the tilt angle has a great influence on the assembly results and the concentricity and the amount of unbalance of rotor 2 increase with the continue increasing of tilt angle. For example, it can be seen from Figs. 3(b) and 4(b) that, the concentricity of rotor 2 reaches the minimum value 0.0729 mm, 0.0192 mm, 0.1063 mm, 0.4200 mm, 0.7600 mm when the tilt angles are 1', 10', 20', 40' and 60', respectively, and the amount of unbalance of rotor 2 reaches the minimum value 107 g·mm, 63 g·mm, 47 g·mm, 135 g·mm, 285 g·mm, respectively. The concentricity and the amount of unbalance of rotor 2 are influenced by the position deviations of rotor 1 in the similar way.
B. THREE ROTORS ASSEMBLY
The coaxiality and initial unbalance of three rotors assembly are shown in Figs. 5 and 6 using Eqs. (8) and (14) . The position deviations of connective surface in the X -, Y -and Z -directions are 0.1 mm, the mass m i , the height z i and the diameter of each rotor are 2000 g, 30 mm, 150 mm, respectively, the tilt angle θ ti of each rotor is 0.1 • , the position of mass center is 1/2 height of the rotor.
As shown from Figs. 5(a) and 6(a), the coaxiality and the initial unbalance are only related to the assembly angle of rotor 2 in two rotors assembly. The coaxiality and initial unbalance reach the minimum values 0.2828 mm and 181 g·mm when the rotation angles of rotor 2 are 135 • and 181 • , respectively. Besides, as shown from Figs. 5(b) and 6(b), the coaxiality and initial unbalance are related to not only the assembly angle of rotor 2, but also the assembly angle of rotor 3 in three rotors assembly. The minimum coaxiality is 0.2828 mm when rotor 2 and 3 assembly angles are 135 • and 192 • , respectively. Compared with the maximum coaxiality 1.0497 mm, the coaxiality is minimized by 73%. Similarly, the minimum initial unbalance is 219 g·mm when rotor 2 and 3 assembly angles are 177 • and 184 • , respectively. Compared with the maximum initial unbalance 976 g·mm, the initial unbalance is minimized by 77%.
C. DIFFERENT ADJUSTMENT STRATEGIES
The comparison results of the optimization adjustment, the direct adjustment and the worst adjustment strategies in four rotors assembly are shown in Fig. 7 . The optimization adjustment, the direct adjustment and the worst adjustment strategies mean that the multistage rotors are assembled using the Eqs. (16) and (17), without the consideration of the assembly orientations, reciprocal of the Eqs. (16) and (17), respectively. The position deviations of connective surface in the X -, Y -and Z -directions are 0.1 mm, the mass m i , the height z i and the diameter of each rotor are 2000 g, 30 mm, 150 mm, respectively, the tilt angle θ ti of each rotor is 0.1 • , the position of mass center is 1/2 height of the rotor. Fig. 7 shows that the best assembly results of coaxiality and initial unbalance are obtained using optimization adjustment strategies, respectively. For example, the coaxiality and initial unbalance of final assembly are 0.2828 mm and 225 g·mm, 0.8946 mm and 1249 g·mm, 1.6699 mm and 1733 g·mm using optimization, direct and worst adjustment strategies, respectively.
IV. EXPERIMENTS
As shown in Figs. 8 and 9 , the proposed method is verified by the rotary measuring instrument and balancing machines. The multistage rotors include front axle, compressor disk, turbine disk and rear axle. The rotor geometric parameters and coaxiality of final assembly are measured by the rotary measuring instrument. As shown in Fig. 8, the The air-bearing turntable provides the reference of the rotation axis for measurement and the radial and axial accuracy are 80 nm. The rotor geometric parameters are shown in Table 1 .
As shown in Fig. 9 , the amount of unbalance and the initial unbalance are measured by the vertical and horizontal balancing machines, which minimum amount of unbalance are 1.5 g·mm / kg and 4.5 g·mm / kg, respectively. Fig. 9(a) shows that the compressor disk is the tested component; The connector part is used to connect the spindle and tested rotor; Top cover and foundation support provide a closed measurement environment. Fig. 9(b) shows that the front foundation support and rear foundation support are used for supporting multistage rotors; The belt drive is used for driving multistage rotors. The rotor unbalance parameters are shown in Table 2 .
The experimental results of four rotors assembly are shown in Fig. 10 . Fig. 10 shows that the best assembly results of coaxiality and initial unbalance are obtained using optimization adjustment strategies, respectively. For example, the coaxiality and initial unbalance are 0.0559 mm and 1221 g·mm, 0.0813 mm and 1986 g·mm, 0.1021 mm and 2592 g·mm using optimization, direct and worst adjustment strategies in three rotors assembly, respectively. The optimization performances of coaxiality and initial unbalance are more obvious with the increasing number of rotors. For example, compared with the direct adjustment strategy, the coaxiality and initial unbalance of two, three and four rotors assembly are minimized by 5% and 26%, 31% and 38%, 41% and 50%, respectively.
The experimental results of three assembly adjustment strategies using Eqs. (15) -(17) are shown in Fig. 11 . The minimum values of coaxiality and initial unbalance are obtained using Eqs. (16) and (17), respectively. For example, the minimum values of coaxiality and initial unbalance are 0.0559 mm and 1254 g·mm in four rotors assembly, respectively. However, under the situation of coaxiality and initial unbalance in high precision requirements, the optimization adjustment strategies only for one parameter cannot be satisfied with the requirements. Therefore, the coaxiality and initial unbalance optimization adjustment strategy is established to improve the assembly quality. For example, the coaxiality and initial unbalance of final assembly are 0.0571 mm and 1419 g·mm using Eq. (15) and the coaxiality and initial unbalance optimization adjustment strategy is the only way to meet the assembly requirements when the coaxiality and initial unbalance of final assembly are limited to less than 0.06 mm and 1500 g·mm, respectively.
V. DISCUSSIONS AND CONCLUSION
The paper provides an adjustment method to control geometry eccentricity and mass eccentricity propagation for precision rotors assembly. The prediction models of coaxiality and initial unbalance are established to analyze the geometry and mass eccentric deviations propagation and amplification in the assembly. Three optimization adjustment strategies are proposed to minimize coaxiality and initial unbalance of final assembly by selecting the rotor assembly angle. The proposed method is verified by the rotary measuring instrument and balancing machines. The optimization performances of coaxiality and initial unbalance are more obvious with the increasing number of rotors. As the number of rotors increases from 2 to 4, compared with the direct adjustment strategy, the coaxiality and initial unbalance of final assembly for single parameter optimization are minimized by 5% and 26%, 31% and 38%, 41% and 50%, respectively. Besides, the coaxiality and initial unbalance optimization adjustment strategy is established to satisfy the requirement of coaxiality and initial unbalance of final assembly in high precision.
The geometry eccentricity and mass eccentricity propagate in multistage rotors assembly through the connective surface. The concentricity and amount of unbalance are amplified by the tilt angle and position deviation of the connective surface. The cumulative geometry and mass eccentric deviations are reduced by selecting the properly rotor assembly angle based on the spatial error compensation characteristic. Therefore, the adjustment results of coaxiality and initial unbalance in the assembly have the similar trend as shown in Figs. 3-6. However, the propagation process has the essential difference between geometry eccentricity and mass eccentricity. The cumulative mass eccentric deviations of final assembly are caused by not only the mass eccentricity of each rotor, but also the geometry eccentricity of the assembly surface. For example, the coaxiality of final assembly is caused by the geometry eccentricity of each rotor. The initial unbalance in n rotors assembly is caused by not only the mass eccentricity of each rotor, but also the geometry eccentricity of the front n-1 rotors. Besides, the coaxiality and initial unbalance optimization adjustment strategy is proposed to satisfy high precision coaxiality and initial unbalance requirements in the aero engine assembly, which chooses the number of bolt holes requirements, the coaxiality and the initial unbalance limits as the constraints.
The proposed method can be used to guide the multistage rotors assembly, especially for the situation of high precision coaxiality and initial unbalance requirements with a large number of rotors. The assembly orientation of each rotor is obtained. Besides, the results of final assembly caused by the tilt angle and position deviation of the connective surface are minimized based on the characteristics of the spatial error compensation. But the compensation effect is very small when the concentricity and the amount of unbalance caused by the tilt angle or position deviation far greater than another.
